Background
Product design and development processes recursively synthesize products that satisfy customer needs and functional requirements within limited temporal and financial resources ͓1-3͔. Companies continuously collect and analyze functional, aesthetic, ergonomic, and manufacturing information to produce quality products. The effort required to obtain such information is one of the key factors that determines the performance of the design process ͓4,5,3͔.
Various types of virtual and physical models are utilized to provide proper functional information for a product. Virtual models are preferred to physical models in many cases because of their high flexibility, short development time, and relatively low cost. Despite significant advances in virtual modeling, however, the natural phenomena that can be accurately and confidently represented purely by virtual models are still very limited. Thus, companies typically utilize both virtual and physical models to verify and refine product designs.
During the last two decades various rapid prototyping techniques have been developed which produce geometrically complex physical models with significantly reduced fabrication effort ͓6,7͔.
1 Considering the significant time and cost spent on product testing, it is natural to expect various industrial applications of rapid prototypes for functional testing. However, companies appear to utilize rapid prototypes mostly in the early design stages. Very few case studies are reported on functional testing with rapid prototypes ͓8-10͔, with material limitations being a key factor ͓11͔. Similarity methods represent an opportunity to overcome these limitations and advance the state-of-the-art.
There exist primarily two types of similarity methods that correlate scaled prototypes and full-scale products: ͑1͒ the Buckingham ⌸ theorem approach that correlates scaled model and product behaviors by considering dimensions of dominant system parameters ͓12-16͔; and ͑2͒ an analytical approach that mathematically correlates the solutions of two known equations by comparing and manipulating the equations ͓14,17,18͔. The analytical approach can provide accurate scale testing results in general ͓18͔ but has limited application since it requires a priori knowledge of the governing equations for the system. The Buckingham ⌸ approach ͑also know as dimensional analysis or the traditional similarity method, TSM͒ has a much wider range of application and is the approach considered in this paper.
The concept of the TSM and its inherent limitations can be understood by considering the mathematical foundations of the method. Consider two systems ͑a model 2 and a product͒ whose behavior can be represented with the following complete equations:
where the subscripts m and p denote the model and the product respectively, and d j is a system design parameter. The Buckingham ⌸ theorem ͓12͔ states that a complete equation written in terms of dimensional system parameters d j , jϭ1, . . . ,n, can be recast in terms of dimensionless parameters i , iϭ1, . . . ,N, where NϽn. By applying the ⌸ theorem, the above system of equations can be equivalently represented as
where NϭnϪk, and k is equal to or less than the number of fundamental dimensions ͓12,16͔. Each dimensionless parameter i is a power function of the system parameter set D ϭ͕d 1 ,d 2 , . . . ,d n ͖. One can refer to ͓19͔ for a systematic derivation of the dimensionless parameters.
The dimensionless parameters that contain the state of interest of the two systems, say X m and X p , can now be described explicitly in terms of the other dimensionless parameters as 
Equation ͑4͒, referred to as the prediction equation, and Eq. ͑5͒, called the similarity constraints, form the fundamental basis of the TSM. In order to predict a product state through the prediction equation, one should design a model so as not to violate any of the similarity constraints. If a model satisfies all similarity constraints, it is said to be well-scaled; otherwise, it is said to be distorted.
The assumptions of the TSM are that ͑1͒ the governing functions of the model and the product are identical; and ͑2͒ one can prepare a model that satisfies all of the similarity constraints. These assumptions may be violated, however, especially when models are fabricated from a rapid prototyping process. For example, two states X m and X p are not governed by the same function f if they have orthotropic and isotropic material structures, respectively, or if they exhibit nonlinear and linear behavior, respectively. In addition, similarity constraints become difficult to satisfy when available prototyping materials and achievable part sizes are limited. In these situations the model becomes distorted and scale testing results are not reliable. An additional source of error in the TSM is the omission of relevant system parameters, which causes the prediction equation to be incomplete. Such problems with the TSM have caused the reliability of scale testing results to be challenged frequently ͓16͔, forcing companies to rely on full-scale product testing instead of more economical prototype testing.
Due to the critical limitations of the TSM to perform reliable functional tests with rapid prototypes, an empirical similarity method ͑ESM͒ has been developed. The general concept of the ESM is presented in this paper along with applications of the method to problems with distorted configurations. The two examples used to illustrate the approach include an archery bow product and a CPU heat sink. The examples demonstrate the feasibility and potential industrial impact of the ESM in the context of product development.
Empirical Similarity Method
The goal of the ESM is to empirically derive more reliable correlations of models and products than is possible with the TSM by utilizing geometrically simple physical objects called specimens. The general concepts of the ESM are described in this section along with a procedure for using the method to perform system-level functional tests.
Historical Perspectives and General Concepts. Since Rayleigh's initial concept of dimensional analysis in 1915 ͓12͔, the TSM has been recognized as a simple but powerful tool to correlate systems and simplify experimental modeling tasks. Even though several cases show that dimensional information alone is not sufficient to correlate systems, no systematic method has been developed that can replace or significantly improve the TSM.
The TSM is a specific approach that constrains models such that product states can be predicted by multiplying the measured model states by a constant scale factor. If the constraints on the model are relaxed, the state relationship of the two systems is no longer a constant scale factor. Murphy showed, however, that there still may exist a consistent functional relationship between the model and product states, even though the constraints imposed by the ⌸ theorem are not fully satisfied ͓20͔. Similarly, Bluman and Kumei mathematically demonstrated that dimensional analysis is a special-case method to correlate systems ͓18͔. They applied Sorphus Lie's group transformation to correlate different types of boundary and initial value problems. In spite of such research efforts, however, engineers still rely on the TSM since methods for deriving reliable correlations for general similarity problems, without the use of sophisticated mathematical models, are not available.
Unlike existing methods that attempt to correlate systems based on dimensional information and analytical models, the ESM employs an additional pair of physical specimens to empirically correlate systems. The model specimen and product specimen are geometrically simplified versions of the model and the product, respectively. The basic concept of the ESM, in which the product state is predicted by measuring the states of the specimen pair ͑the model specimen and the product specimen͒ and the model, is shown in Fig. 1 . The ESM assumes that 1. The state variation under purely geometric changes can be abstracted from the measured states of the model specimen and the model. 2. The state variation under purely nongeometric ͑material and loads͒ changes can be abstracted from the measured states of the model specimen and the product specimen.
Figure 2 further illustrates the basic premise of the ESM. The product is any part whose behavior is to be determined but which contains complex geometry that is difficult to fabricate. The product specimen is a geometrically simplified version of the product which is made from the same material and processes as those for the product. The model is a geometrically equivalent version of the product which is made from a different material and process ͑e.g., a rapid prototyping process͒. The model specimen is a geometrically simplified version of the model which is made from the same material and process as the model. In Fig. 2 , G represents the state variation under pure geometric changes, while M represents the state variation under pure material and loading changes. By constructing and testing the model, the model specimen, and the product specimen, both M and G can be determined and used to predict the state of the product. A detailed development of this ESM approach, along with specific examples of how the method can be implemented in product design, is presented later in the paper.
In designing the product specimen, basic geometric features are maintained ͑such as the existence of a hole͒ while the specific shape of such features are modified in order to simplify the fabrication process. Figure 2 illustrates one possible design for the specimen pair, although other possibilities definitely exist ͑e.g., triangular shape with a hole in the center͒. The specific shape of the specimen pair is not critical as long as the basic ESM assumptions discussed previously are met.
The ESM requires more preparation than the TSM since a specimen pair must be fabricated and tested. The additional effort, however, is still much smaller than that required to make fullscale prototypes for geometrically complex products. Wall showed that geometrical complexity is a critical factor in determining fabrication cost and time in traditional manufacturing processes ͑e.g., molding, machining, die casting, etc.͒ but not in rapid prototyping ͓11͔. The objective of the ESM is clarified in Fig. 3 which qualitatively depicts the expected testing accuracy and required modeling effort of the ESM in comparison to full-scale testing and the TSM. As shown in the figure, the ESM attempts to attain highly accurate scale testing results at a fraction of the cost and time required for direct product testing, while recognizing that the ESM requires slightly more effort than the TSM.
The following sections detail an approach for representing the product state X p as a function of measured states of the model (X m ) and specimen pair (X ms and X ps ). Particular emphasis is given to systems composed of multiple parts.
Correlating Systems With Distorted ConfigurationsLumped ESM. When products are composed of multiple parts, the TSM requires the design of models to satisfy the following material proportionality condition:
Proportionality of material properties-The material property ratio of the corresponding model and product parts should be kept identical in order to perform scale testing with the TSM.
The proportionality condition is very difficult to satisfy when available prototyping materials are limited. If two systems do not satisfy this proportionality, they are defined as having distorted configurations. A method to correlate systems with distorted configurations was not found within the reviewed literature. The lumped ESM has been developed to correlate distorted systems composed of more than one part.
Referring to Fig. 4 , the ESM relates the state of a product (X p2 ) to the states of the model (X m2 ), product specimen (X p1 ), and model specimen (X m1 ) through scale and form factors. Note that the form factors and scale factors should satisfy
where the scale factors X1 and X2 can be mathematically derived through dimensional analysis, and the form factors m and p are unknown. The form factors m and p , which represent the change in the model and product states that results from purely geometrical changes, should be identical if X1 ϭ X2 , i.e., the model and the model specimen are designed from the same similarity constraints.
In the lumped ESM, each part is designed following the ⌸ theorem in order to maintain identical scale factors ( X1 , X2 ) and, therefore, identical form factors ( ms , p ). The lumped model of the product specimen, the model, and the product can then be represented in terms of the model specimen parameters. This relationship can be manipulated to describe the state of the product as a function of the state of the model and the states of the specimen pair. The step-by-step procedure of this lumped ESM is summarized below.
Procedure for the Lumped ESM.
1. Build lumped parameter models: Describe the states of the model pair ͑the model and the model specimen͒ and the product pair ͑the product and the product specimen͒ as lumped models with unknown effective lumped parameters. 2. Determine the scale factor for each component: Design models through dimensional analysis and determine the scale factors of the lumped parameters ͑the ratio of the product parameter to the model parameter͒. 3. Describe lumped models relative to the model specimen:
Employing scale factors and form factors, describe the model, the product specimen, and the product in terms of the model specimen. For example, a lumped parameter of a product C p may be represented as C p (C ns ,,), where C ms is a lumped parameter of the model specimen, is a scale factor that represents the variation of C ms from changes in material properties and boundary conditions, and is a form factor that represents the variation of C ms due to purely geometric changes. It should be noted that the factors and are assumed to be independent. 4. Represent product states in terms of the model and specimen states: By comparing and manipulating the four lumped models that are developed in the previous step, describe the Transactions of the ASME unknown product state as a function of the measured state of the model and the specimen pair, i.e. X p ϭ f (X m ,X ms ,X ps ).
In summary, the lumped ESM predicts a product state X p by using the measured states of the specimen pair and the model. In general the number of unknown lumped parameters and form factors should be less than the number of measured states in order to solve for the product state in terms of known ͑measured͒ values. If the number of unknowns is greater than the number of equations, then a different set of boundary conditions may be applied to increase the number of equations ͑as demonstrated in the heat sink example͒, or component-level tests may be performed to determine form factors and reduce the number of unknowns.
Numerical and Experimental Examples
An archery bow ͑numerical͒ example and a heat sink ͑experi-mental͒ application are provided to illustrate the ESM approach. The selected examples demonstrate the wide range of application of the ESM in practical engineering problems. Each example also highlights difficulties in the TSM that are overcome by using the ESM.
Archery Bow Example. In designing archery bows, the shooting force, i.e., the force required to fully deform a bow to a shooting position, is a critical system behavior that can be predicted through prototype testing. Archery bows should be designed so that both ergonomic ͑e.g., required shooting force͒ and functional ͑e.g., arrow speed at a distance͒ requirements are satisfied. Although prototype testing and similitude can be used to predict the shooting force of a bow, geometric and material nonlinearities will likely cause errors in predictions made with the TSM. In addition, the geometric complexity of the bow frame makes fabrication of the test bows difficult and costly. In this example we demonstrate how a model bow can be used with the lumped ESM to predict the shooting force of a product bow. We also compare the ESM results with TSM results to demonstrate the improved prediction accuracy of the ESM.
This application of the lumped ESM is demonstrated using numerically simulated bow behaviors. Shooting forces were simulated with ANSYS™ finite element software. The finite element models of the target bows ͑product and model͒ and specimen bows are shown in Fig. 5 . Note that the geometry of the specimen model has been simplified by approximating the curved section of the bow frame as a straight section. The string is modeled as a two-dimensional elastic link ͑Spar element͒, and the bow frame is modeled with triangular solid elements ͑Plane2͒. The width of the bow frame is 35 mm, and the cross section area of the string is 10 mm 2 . The same bow string is used for both the model and the product bows. Parameters used in the finite element model are shown in Table 1 . In this simulation, full-size models are used for the purpose of clear comparison. However, the size of the model bows can be reduced without loss of generality as long as the model systems are designed from the same scale laws.
To predict the required shooting force of the target bow ͑prod-uct͒ through the ESM, it is assumed that both the model bow and the product bow can be represented as a lumped spring system, as shown in Fig. 6 . The shooting force of a model specimen ͑poly-mer bow with the simple geometry shown in Fig. 5͑a͒͒ can then be described by the following equation:
where F is the shooting force, ␦ is the deflection of the bow string, and k b and k s are unknown effective spring constants of the bow frame and string respectively. By defining a state variable X, the force equation can be equivalently represented as
where C b ϭ1/k b and C s ϭ1/k s represent the effective compliances of the bow frame and string, respectively. Now the states of the product specimen, model, and product bows can be represented as
where c ϭC p b /C m b ϭC ps b /C ms b is the compliance scale factor and ϭC p b /C ps b ϭC m b /C ms b is an unknown form factor of the bow frame. Note that the scale factor and form factor for the C s term are both unity for this special case in which the same string is used for all systems.
The remaining task is to express X p as X p ϭh(X m ,X ms ,X ps ) so that we can predict X p from the measured ͑or, in this case, simulated͒ states, X m , X ms , and X ps , as illustrated in Fig. 1 . From Eqs. ͑8͒ and ͑9͒, we can derive the following equations that eliminate the string-related parameters: Combining the equations in Eq. ͑10͒ eliminates the unknown form factor and gives the prediction equation as
where
as determined from dimensional analysis for equal-sized bows. Now X p (␦) can be predicted from the measured X(␦) of the specimens and the model ͑as shown in Eq. ͑11͒͒ and the bow force F p (␦) can be determined from the definition of the state X ͑as shown in Eq. ͑8͒͒. Equation ͑11͒ represents the prediction equation for the ESM. A TSM prediction equation can also be created in order to compare ESM results with TSM. One way to perform scale testing with the TSM is to assume that the influence of the bow string on the reaction force is relatively small in comparison to the bow frame. In that case, dimensional analysis shows that, for bows of equal size, the ratio of the reaction force should be F p /F m ϭE p b /E m b ͑see also ͓13͔͒. Using values from Table 1 we have
Equation ͑13͒ is the prediction equation for the TSM.
The shooting force in all four bow systems ͑product, model, product specimen, and model specimen͒ was simulated with AN-SYS™ for different values of deflection. Results are shown in Fig.  7 . The nonlinear results in Fig. 7 are due to the nonlinear nature of the problem, as captured by the finite element solution. The simulation results for the model, model specimen, and product specimen are used with Eqs. ͑11͒ and ͑8͒ to predict the force in the product bow with the ESM. Simulation results for the model are used with Eq. ͑13͒ to predict the force in the product bow with the TSM. The simulated force for the product bow is considered to be the ''actual'' force and is used to compare the ESM and TSM predictions. Figures 8͑a͒ and 8͑b͒ show the shooting force predicted through the TSM and ESM, respectively, as compared with the actual shooting force. As shown in the figure, the error in the TSM prediction increases as the deflection increases ͑with a maximum prediction error of approximately 250 N͒, while the error in the ESM prediction remains relatively low across the entire range of deflection ͑with a maximum prediction error of approximately 30 N͒. Figure 9 shows the resultant force ratio F p /F m which should be 2.14 in the ideal case for TSM ͑Eq. ͑13͒͒. The difficulty in predicting product bow forces through the TSM can be perceived by noticing the variation of the resultant state scale factor (F p /F m ) with respect to the applied displacement. The bow force predicted through the lumped ESM, however, shows remarkably improved prediction accuracy. Note that ESM prediction error does exist in Fig. 8͑b͒ , but is relatively small. Geometric nonlinearity of the bow frame due to the large deflection is probably the main cause of the error.
Heat Sink Application. Proper control of the steady state temperature of CPU surfaces is critical to CPU performance. For example, Intel recommends that the center of the Pentium II CPU processor be kept below 65°C. The surface of the Pentium II processor can reach up to 150°C without cooling. In addition, an advanced chip mounting technology ͑single edge connector͒ has been employed for more compact component mounting in which the mass of the CPU and its cooling system should be less than 105 g ͓21͔. The requirement for effective heat dissipation, coupled with the constraint that the overall system mass must be 105 g or less, makes the design of CPU heat sinks a challenging problem. Transactions of the ASME Virtual modeling of the steady-state temperature of thermal systems, which are composed of a CPU, a heat sink, and a cooling fan to circulate heated air, still needs improvement ͓22,23͔. Virtual modeling of the CPU cooling process requires complex computational fluid dynamics ͑CFD͒. One problem in CFD modeling is the fact that including detailed geometry creates a model of unmanageable size ͓24͔. In this subsection, we examine the feasibility of performing CPU cooling tests with polymer heat sinks fabricated with a rapid prototyping technique called selective laser sintering ͑SLS͒ ͓6,25,26͔. The heat sinks were produced from DuraForm 3 . Results of the tests are used with the ESM to predict the performance of the actual heat sink product.
Once again we begin the ESM with a lumped model of the system. A CPU cooling process can be approximated as an electric circuit ͓17,27͔. The lumped model of the CPU cooling process with heat sinks is depicted in Fig. 10 . In the figure, h and k are unknown effective thermal convection and conduction coefficients, while A and A c denote the effective convection and conduction areas of heat sinks, respectively. A resistor array is used to represent the CPU. The lumped model is built with the assumptions that ͑1͒ heat transfer from the sides and the bottom surface of the heat source ͑i.e., CPU͒ is negligible, ͑2͒ the contact thermal resistance is negligible, and ͑3͒ the thermal conductivity is not dependent on temperature. It should be noted that, although the heat sink cooling process appears at first glance to be a single material problem, the phenomenon is affected by two main physical components, viz. the thermal boundary layer and the heat sink. Hence the lumped ESM is used to predict product performance.
From Fig. 10 and the above assumptions, the surface temperature of the resistor array with the generic DuraForm heat sink ͑model specimen͒ can be represented as
where R h ϭ1/hA and R k ϭL/kA c are unknown convection and conduction thermal resistances, respectively, q is the unknown heat transfer rate, and T ϱ ϭ19°C is the ambient temperature. The temperature of the model, product specimen, and product can now be represented as
In Eq. ͑15͒, h and k are scale factors that represent the variation of R h and R k under material and boundary condition changes ͑with no change in the heat sink geometry͒. In contrast, h and k are form factors that represent the variation of R h and R k under purely geometry changes. Unlike the archery bow example, more information is needed to represent T p for the heat sink as a function of T m , T ms , T ps since the number of unknowns (T p , h , k , h , k ,R h ,R k ) exceeds the number of given equations. In this example, we measure T* ͑the temperature at the top of the heat sink, as shown in Fig. 10͒ experimentally to estimate T p from T m , T ms , T ps , T m * , T ms * , and T ps * .
By submodeling the convection process, the following equations can be derived:
(16) Similarly, by focusing on the conduction process, the following equations can be derived:
(17) From the above six additional equations, the following unknown form factors can be derived:
3 DuraForm™ is a polyamide-based powder for selective laser sintering processes. 
In order to predict the temperature of the aluminum CPU heat sink, as described in Eq. ͑19͒, a model and model specimen were created, and a product specimen was selected. The heat sinks used in this experiment are shown in Fig. 11 . First, the aluminum CPU heat sink ͑with complex geometry͒ was established as the final product of interest. A generic aluminum heat sink ͑i.e., a previous version of the product with relatively simple geometry͒ was then selected as the product specimen. Model heat sinks were then fabricated using DuraForm in the SLS process.
Detailed top views of the targets ͑aluminum and DuraForm CPU heat sinks͒ and specimens ͑aluminum and DuraForm generic heat sinks͒ and the six chosen measurement locations are shown in Fig. 12 . A resistor array composed of four power resistors was used to emulate the CPU. Figure 13 depicts the overall view of the experiment. Initially the same voltage was supplied to the resistor array for both the DuraForm and the aluminum heat sinks. However, the temperature of the resistor surface rose too high for the DuraForm heat sinks. In order to prevent thermal deformation when testing with DuraForm heat sinks, the resistor voltage was lowered and the fan voltage ͑and thus, fan speed͒ was increased for better heat dissipation. Thus the boundary conditions, as well as the material properties, were scaled for the heat sink models. Such scaling of boundary conditions is acceptable as long as the ESM assumptions described earlier are met. Table 2 shows the system parameter settings for the experiment. Table 2 also shows the steady-state temperatures of the top of the model, model specimen, and product specimen heat sinks as determined experimentally. Figure 14 shows the measured steady-state temperature at the six selected points of the resistor surface with both DuraForm and aluminum heat sinks. The generic aluminum heat sink shows better cooling performance ͑due to its larger size͒ than the aluminum CPU heat sink. The DuraForm heat sinks increased the surface temperature by working as heat insulators rather than conductors. It is interesting to note the opposite trends in the two plots: The generic aluminum heat sink is the better conductor, and the DuraForm version of the generic heat sink is the better insulator. One can perceive the difficulty in traditional scale testing with such qualitative dissimilarity.
The temperatures at the six points of the resistor array surface with the aluminum CPU heat sink are predicted by using Eq. ͑19͒ and the measurements shown in Table 2 Transactions of the ASME sured temperature of the resistor array surface with the aluminum CPU heat sink is used to verify the predicted results. Figure 15 compares the predicted and actual temperatures of the resistor array surface with the aluminum CPU heat sink. The prediction error is within 2°C overall. The testing results demonstrate the accuracy of the lumped ESM. It is worthwhile to note that the temperature of the CPU ͑resis-tor array͒ surface with the aluminum heat sink was predicted with the ESM without knowing such system parameters as thermal conductivity or convection coefficients explicitly. The TSM, on the other hand, requires a priori knowledge of such parameters in order to develop proper scaling factors. Due to the distinctive thermal conductivity and heat capacitance of DuraForm and aluminum relative to air, even qualitative temperature prediction is difficult. Through the lumped ESM, however, we successfully correlated the steady-state thermal behavior of heat sink systems with highly distorted configurations.
Conclusions
The concept of the ESM involves deriving similarity transformations by employing a specimen pair. The lumped ESM presented in this paper is a specific approach to embody the concept of the ESM. The ESM concept can be adapted to different situations with different details, depending on available physical insights ͓28 -30͔.
The ESM can be used for a wide array of problems, but is especially suited for products that have geometric or material requirements that result in high fabrication costs. The ESM is also well suited for products for which a product specimen already exists ͑such as in product redesign͒ or for which the product specimen can be easily fabricated. Application of the ESM also has certain limitations. For example, an implicit requirement of the ESM is that geometric simplifications used for the specimen pair, as well as material changes used in the models, must not alter the overall functional behavior of the product ͑e.g., electromagnetic characteristics of a product cannot be predicted with a Duraform model since Duraform does not conduct electricity͒. This inherent condition of the ESM requires a basic knowledge of the effect of various system parameters on product performance, although it is still much less than that needed for the TSM. In addition, the lumped ESM requires that appropriate lumped models can be created for the system of interest. The creation of an appropriate lumped model may be difficult in some cases. Care should be taken when creating lumped models to include such effects as contact thermal resistances when necessary. Various spatio-temporal measurement points may be used to validate modeling assumptions.
In parallel with our efforts to construct improved similarity transformations, we are also working on error measures to provide confidence in both TSM and ESM results ͓31͔. Through the error measures and advances in the ESM, we expect to dramatically improve the performance of product design and development processes in very broad problem domains.
